Optomechanical systems explore and exploit the coupling between light and the mechanical motion of matter. A nonlinear coupling offers access to rich new physics, in both the quantum and classical regimes. We investigate a dynamic, as opposed to the usually studied static, nonlinear optomechanical system, comprising of a nanosphere levitated and cooled in a hybrid electro-optical trap. An optical cavity offers readout of both linear-in-position and quadratic-in-position (nonlinear) light-matter coupling, whilst simultaneously cooling the nanosphere to millikelvin temperatures for indefinite periods of time in high vacuum. We observe cooling of the linear and non-linear motion, leading to a 10 5 fold reduction in phonon number np, attaining final occupancies of np = 100 − 1000. This work puts cavity cooling of a levitated object to the quantum ground-state firmly within reach.
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Cavity optomechanics, the cooling and coherent manipulation of mechanical oscillators using optical cavities, has undergone rapid progress in recent years [1] , with many experimental milestones realized. These include cooling to the quantum level [2, 3] , optomechanically induced transparency (OMIT) [4] , and the transduction [5] [6] [7] and squeezing [8] of light. These important processes are due to a linear light-matter interaction; linear in both the position of the oscillatorx and the amplitude of the optical fieldâ.
Nonlinear optomechanical interactions open up a new range of applications which are so far largely unexplored. In principle, they allow quantum nondemolition (QND) measurements of energy and thus the possibility of monitoring quantum jumps in a macroscopic system [1, 9] . They also offer the prospect of observing phonon quantum shot noise [10] , nonlinear OMIT [11, 12] , and the preparation of macroscopic nonclassical states [13] . To achieve a nonlinear interaction one can use optical means, which require strong single-photon coupling to the mechanical system [11, 12] but are a considerable experimental challenge. Nonlinearities can also arise from spatial, mechanical effects, by engineering, for example, a light-matter interaction of the form (â+â † )(G 1x +G 2x 2 ). Previous studies investigated the static shift in the cavity resonant frequency [9, 14, 15] or the quadratic optical spring effect [15] arising from a nonlinear coupling. However, these studies identified the problem of a residual linear G 1 contribution to the coupling. Not only can G 1 allow unwanted back-action, but a large G 2 1 contribution (e.g. [14] ) can mask the signatures of true nonlinear G 2 coupling.
In this work, we study a nanosphere levitated in a hybrid system formed from a Paul trap and an optical cavity [16] as shown in fig 1. The output of the cavity is used to access the linear and nonlinear dynamics of the particle. We are able to tune the G 1 : G 2 ratio to reach G 2 G 1 , isolating the true nonlinear dynamics. Further, due to the dynamic nature of this experiment, we are able to observe the cooling, in time, of the nonlinear contribution to motion. To our knowledge, such damping Light that is resonant with the optical cavity (used to stabilize the cavity) is coincident on a detector with light that is red detuned (for cooling and trapping), leading to a beat signal with heterodyne frequency Ω/(2π).
of G 2 has not been previously observed, and G 2 effects have not been previously detected in any levitated system. We stress that these nonlinear dynamical effects are unrelated to variations in mechanical oscillation frequency arising when the particle samples anharmonicities in the potential [17] , although we note these are also observable in our data. as compared to our previous work [16] , which exposes the G 2 coupling, there is greatly enhanced (linear) optomechanical cavity cooling. This enables us to show for the first time permanent and stable optical cavity trapping of a levitated nanoparticle at pressures limited by our current equipment ∼ 10 −6 mbar, where we infer millikelvin temperatures. Finally we identify a previously unobserved shift of the Paul trap secular frequencies due to the optical cavity, which we show gives valuable information on the system, such as the nanoparticle charge and mean number of photons in the cavity.
The optomechanical cooling of levitated nanoparticles to the quantum regime has been the subject of several recent theoretical [18] [19] [20] [21] [22] and experimental [16, [23] [24] [25] [26] studies, due to their isolation from environmental decoherence. While there has been success cooling nanoparticles with active feedback [23, 24] , passive cavity cooling has been hindered by particle loss processes which prevented optical trapping below a few mBar [22, 26, 27] . This "bottleneck" was overcome in [16] via the use of a hybrid electro-optical trap, and the subsequent improvements presented in this paper allow cooling to temperatures three orders of magnitude lower than previously reported [16, 25, 26] .
The hybrid trap consisting of an optical cavity field overlapped by a Paul trap, as illustrated in fig. 1 , is described as follows.
The Paul trap potential for a nanosphere is approximated by , with Q the charge on the nanosphere, ω d = 2π × 1500 Hz the drive frequency, V 0 = 300 V the amplitude of the applied voltage and r 0 = 1 mm a parameter setting the scale of the trap potential. This potential is overlapped with the optical cavity potential given by V opt (x, y, z) = A|ᾱ| 2 cos 2 kx e −2(y 2 +z 2 )/w 2 where |ᾱ| 2 ≡ n is the mean intra-cavity photon number and the coupling strength A = 3Vs 2Vm r−1 r +2 ω l depends on the sphere volume V s , the mode volume V m = πw 2 L (with w = 60 µm the waist of the cavity field and L = 13 mm the length of the cavity) and the laser frequency ω l . This combined potential is illustrated in fig. 2 (a), and shows a particle trapped at optical well N. We set the coordinate origin to x = x 0 , where kx 0 = Nπ, with λ = 2π/k = 1064 nm.
The evolution of the axial displacement x and optical field, a, in response to the motion of the particle in the two potentials is given bÿ
where F(y, z) is the envelope of the optical field, W = − kA m , η(t), ζ x (t) are stochastic terms, and γ M is the damping due to background gas. The ζ x (t) terms arise
FIG. 2: (a)
A plot of the hybrid trap potential combining the Paul trap potential with the standing wave potential of the cavity mode. The cooling rate and the ratio of the G1 and G2 contributions depends strongly on which optical well N the particle becomes trapped in. (b) Full stochastic simulations (i,ii,iv,v) of the heterodyne power spectra for capture in low wells N = 0 − 40 and comparison with an experimental spectrum (iii). All spectra show the strong beat frequency component Ω = 60 kHz which is the detuning between the onresonance locking beam and the red detuned cooling beam. The mechanical motion can be observed as sidebands around this peak at Ω ± ωM due to G1 coupling and at Ω ± 2ωM due to G2 coupling. There are also peaks at ωM and 2ωM due to direct modulation in cavity transmission of the particle. The simulations correspond to a pressure of 10 −2 mBar and particle charge of Q = 2. For all spectra, the nonlinear contribution is evidenced by dominant strong modulation at ≈ 2ωM. Comparison of the experimental spectrum with the simulations indicates a well capture of 0 < N < 10.
from the background bath of gas at room temperature with
, where T B = 300 K and η(t) is the photon shot noise. For simplicity, here we analyse only the axial motion, but a full 3D set of coupled stochastic nonlinear equations were solved in our simulations, with full details given in [28] .
For dynamics about the trapped well co-ordinate we let x(t) → x(t) + x 0 . Additionally, we are only interested in the fluctuations in the optical field, δa(t), around the static cavity fieldᾱ such that a(t) →ᾱ + δa(t). The equations of motion are now given by where the light-cavity detuning is determined by particle position as ∆ x0 = ∆ + A cos 2 kx 0 , with ∆ the detuning when no particle is present, F(y, z) ≈ 1, mω 2 M = 2 k 2 A|ᾱ| 2 cos(2kx 0 ) and = k tan (2kx 0 ). The position dependent linear and nonlinear couplings are given by G 1 = kAᾱ sin(2kx 0 ) and G 2 = k 2 Aᾱ cos(2kx 0 ). The effect of the oscillating Paul trap field is to force a periodic excursion of the equilibrium point x 0 :
with a period which is slow compared with the mechanical oscillations since ω M ω d . The amplitude of this oscillation depends on N and this excursion is essential for effective cooling, with a rate:
where
. Thus if x 0 = 0, then G 1 = 0 and there is no cooling, but G 2 is maximal. A schematic diagram of the hybrid electro-optical trap is shown in fig. 1(a) . It consists of an optical cavity (finesse F 40 − 55, 000) integrated within a Paul trap inside a vacuum chamber. The Paul trap is formed by two electrodes that are perpendicular to the cavity axis. Silica nanospheres of radius 209 nm (typically with Q 1 − 3 elementary charges) can be stably trapped in the absence of the optical field. Nanospheres are introduced into the hybrid trap by initially placing them on an oscillating piezo-disk speaker. Light from a solid state 1064 nm laser is split into a weak and a strong beam formed by a 90:10 beamsplitter, as illustrated in fig. 1(b) . The weaker beam is used to keep the laser locked to the cavity, via the Pound-Drever-Hall method while the stronger beam is used for trapping and cavity cooling. Its frequency can be shifted with respect to the cavity resonance by using two cascaded acousto-optic modulators.
We trap a particle typically at a pressure of 0.1 mBar which becomes permanently localised on a cavity antinode at approximately 0.01 mBar. The particle stays permanently trapped as the pressure is reduced to the current limit of our chamber at ≈ 10 −6 mBar. The mechanical frequency of the particle (ω M 2π ×10−40 kHz in our experiments) can be observed from the heterodyne power spectrum of the recorded time series after the particle is trapped. As the transmitted cooling light from the cavity (red detuned by ∆ ∼ 100 kHz) is heterodyned with the on-resonance weak beam reflected from the cavity a strong beat frequency at Ω = ∆ is observed. The mechanical motion can be observed as heterodyne sidebands around this peak in the spectrum at Ω±ω M due to G 1 coupling and at Ω ± 2ω M due to G 2 coupling. There are also peaks at ω M and 2ω M due to direct modulation of cavity transmission by the particle.
These features are clearly illustrated in fig. 2 (b) which contains simulations of the heterodyne spectrum for a nanoparticle captured near to the centre of the optical potential. For these low N the nonlinear contribution evidenced by strong modulation at ≈ 2ω M dominates. Experimental data corresponding to these simulations is shown in fig. 2(c) for comparison. Here the splitting of the mechanical frequency and the sidebands by the Paul trap drive can be easily observed as well as the broad single peak at ≈ 2ω M . Figure 3 shows experimental and simulated heterodyne spectra taken at short time periods after a particle is captured in well N ∼ 450. These illustrate how the heterodyne spectrum changes in time as the particle is cooled at a pressure of 3 × 10 −4 mBar. At this pressure the data shows modest cooling which allows us to follow it in time. The graphs show the evolution of the heterodyne spectra averaged over a 2.4 ms period separated in time by 0.2 ms. Note that the spectral features are broad due to the short period of time over which the power spectrum is recorded. There is good agreement between the experiment and theory with both showing the 2ω M nonlinear coupling/frequency-doubled sidebands which can only be detected in the first few milliseconds as they are rapidly cooled. Cooling of the linear sidebands at ω M occurs more slowly over a ∼ 10 ms timescale. We obtain a cooling rate of Γ opt ≈ 0.4 kHz for Q = 1 which at this pressure cools by factor of 500 in energy at steady state.
The characteristic signature of high N capture is the gradual suppression of the ω M + ω d peak, resulting in a FIG. 4: (a) Steady-state data and simulations corresponding to a Q = 3 nanosphere captured in a high well (N 350) with Γopt 1−2kHz. At pressures lower than ∼ 10 −5 −10 −6 mBar it is no longer possible to read the particle's motion from the heterodyne spectra but we infer minimum temperatures of ∼ 1 − 3mK noting mK ≡ 270 quanta above the ground state for ωM/2π = 40 kHz. (b) Plots of the mechanical frequency, ωM, and secular frequency, ωs, as a function of photon number, n, for different particle charge Q. The three points are derived from the data sets presented in figs. 2, 3, 4(a). These graphs show the novel n-dependent shift of the secular frequencies of the Paul trap due to the cavity field.
single dominant peak, which may be asymmetric due to unresolved sideband structure from smaller, higher order contributions (see [28] ). The high cooling rate at high N yields low temperatures in our experiments when the pressure is reduced to the current limit of our apparatus. Such strong cooling is evidenced in the steady state heterodyne spectra shown in fig. 4(a) . The graphs show the change in the power spectrum for pressures from approximately 10 −2 to 10 −6 mbar. Note that due to the higher cooling rate (Γ opt ∝ Q 2 ≈ 1 − 2 kHz), and the relatively high background noise, the mechanical motion in the sidebands can only be observed down to a pressure of 10 −4 mbar even though we can clearly image the scattered light from the trapped particle on a CCD camera at the lowest pressures. At such a high N, no quadratic modulation is seen in the steady state data or the simulations. From the measured cooling rate, and from simulations which agree with the steady state experimental spectra at the higher pressures, we infer minimum temperatures of ∼ 1 − 3mK at the lowest pressures. Additional confidence in the derived temperatures at the lowest pressure come from the variation in the amplitudes of the power spectra that scale with the √ γ m for both the simulations and the experimental data.
A novel and useful effect of the non-trivial interaction between the Paul trap and optical field is that the optical field introduces a significant "cavity shift" of the Paul trap secular frequency ω S . This is somewhat analogous to the way that a DC electric field shifts the secular frequencies in a conventional Paul trap. This shift exposes the two-way interactions in the hybrid trap where the Paul trap drives the cavity cooling while the cavity potential shifts the Paul trap frequencies. The optically shifted secular frequencies are given by [28] :
Since the secular frequency ω s is not significantly damped by the cavity cooling process, it always measurable in the cavity heterodyne spectrum, regardless of temperature. If ω M is known then both n and Q can be extracted from the data. This process is shown in fig. 4(b) where plots of experimentally determined secular and mechanical frequencies are shown. Also shown are the theoretical values based on cavity photon number and charge. All three values of Q map well onto both the secular and mechanical frequencies. The significant shift in the secular frequencies with photon number/mechanical frequency can also be observed, demonstrating a straightforward method for calibrating our experimental data with the theoretical simulations.
We have demonstrated cooling of levitated nanospheres from room temperatures to millikelvin temperatures by cavity cooling in a hybrid electrooptical trap. Cooling rates in the kHz range were measured with factor of 50 increases possible, with a higher finesse cavity or by increasing the mechanical frequency with higher photon numbers. This would already allow cooling to the ground state at pressures of ∼ 10 −6 mBar, in the sideband resolved regime. By studying the cooling rate and spectral changes to the heterodyne spectra we have shown the spectral features of both linear G 1 and quadratic G 2 coupling. Additionally, we have shown how cooling rates can be enhanced by operating away from the Paul trap center where the particle is drawn away from the center of the antinode of the optical potential and linear cooling rates are significantly enhanced.
Although quadratic couplings in principle offer the prospect of QND measurement of energy, QND phonon measurement is extremely challenging given the current modest one photon couplings of g 1 ∼ 1 Hz and g 2 ∼ 10 −5 Hz. The advantage of levitated systems like the one demonstrated here is that they offer a very high-Q and long coherence times. This offers the potential for realization of the scheme for detection of quantum phonon noise in [10] . There is a classical Paul trap drive potentially of large amplitude, which (e.g. in Fig.4 ) corresponds to a mean phonon occupancy of n ∼ 10 8 , even if the thermal value n p ∼ 1 is near ground state occupancies. Although ω M /ω d = 8 − 25 in these experiments, in principle a resonant classical drive at the mechanical frequency is possible and this will be further explored.
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